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RESIDUALLY FINITE AMENABLE GROUPS 
AND THEIR ENTROPY 
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Abstract. We prove an entropy formula for certain expansive actions 
of a countable discrete residually finite group F by automorphisms of 
compact abelian groups in terms of Fuglede-Kadison determinants. This 
extends an earlier result proved by the first author under somewhat more 
restrictive conditions. 

The main tools for this generalization are a representation of the In- 
action by means of a 'fundamental homoclinic point' and the description 
of entropy in terms of the renormalized logarithmic growth-rate of the 
set of r n -fixed points, where (F n , n > 1) is a decreasing sequence of 
finite index normal subgroups of V with trivial intersection. 



1. Introduction 

For a countable discrete amenable group T and an element f = Yl /t7 i n 
the integral group ring Zr consider the quotient Zr/Zr/ of ZT by the left 
ideal ZTf generated by /. It is a discrete abelian group with a left T-action 
by multiplication. The Pontryagin dual 

(1.1) x f = zf/zf / 

is a compact abelian group with a left action of T by continuous group 
automorphisms. More explicitly, Xf is the following closed subshift of the 
full shift (R/Z) r = Zr with T-action given by (7 • x)y = x 7 -iy. The 
elements of Xj are the sequences (xy) in (R/Z) r which satisfy the equations 



^ 1 fy u 

i 



'X^y = in R/Z for all 7 in T. 



For r = Z rf the theory of such dynamical systems has been extensively 
studied, see ^H] for example. For general T the investigation of such systems 
was initiated in [Hj. 
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The various definitions of entropy, topological, metric and measure theoretic 
with respect to Haar measure, all coincide for this action, see e.g. section 
2]. We denote by hf this common entropy. 

If / is a unit in the convolution algebra L 1 (r), then the action of T on Xf 
is expansive. If in addition / is positive in the von Neumann algebra A/T 
and r has a "log-strong F0lner sequence" , it was shown in [3] that 

h f = logdet/vr/, 

where det^r is the Fuglede-Kadison determinant, [7], Currently the 

only groups known to have a log-strong F0lner sequence are the virtually 
nilpotent ones, so this condition is unfortunate, even though it is only needed 
for the inequality hf < logdetjvr/ in 0- 

Recall that a countable group T is residually finite if there is a sequence T n 
of normal subgroups of finite index whose intersection is trivial. 

Our main result is this: 

Theorem 1.1. Let T be a countable discrete amenable and residually finite 
group and f an element ofZT. Then the action ofT on Xf is expansive if 
and only if f is a unit in L 1 (r). In this case we have the formula 

(1.2) h f = logdet Mr f. 

For example, T could be any finitely generated solvable subgroup of a matrix 
group over a field. 

If / = Yl A 7 i s invertible in L 1 (r) then detjvr/ = det/^r/*, where /* = 
^/ 7 7 _1 , since the Fuglede-Kadison determinant of an invertible operator 
is equal to that of its adjoint. From ()1.2|) we therefore obtain that hf = hf*. 
This question had been left open in Pj even for the integral Heisenberg 
group. 

Dynamically the proof of formula (|1.2jl is based on a description of the 
entropy for expansive T-actions as a renormalized logarithmic growth rate 
of the number of r n -fixed points, where (r n , n > 1) is a decreasing sequence 
of finite index normal subgroups with trivial intersection. In the case of 
expansive Z d -actions this relation between entropy and periodic points is 
known and the methods can be carried over to our case. It remains to 
prove that det/vr/ is the limit of certain finite dimensional determinants. 
This is a well-known problem in the context of L 2 -invariants for residually 
finite groups c.f. |11[ Chapter 13]. There one tries to approximate L 2 - 
Betti numbers, L 2 -signatures etc. of coverings with covering group T by the 
corresponding quantities for the finite groups T/r n . For the combinatorial 
-L 2 -torsion which involves Fuglede-Kadison determinants there is no general 
result in this direction however. 
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Nonetheless in our situation which is quite favourable analytically it is not 
difficult to prove the required approximation property of detjy/r/ directly. 

It is a pleasure for us to thank our colleagues Gabor Elek, Doug Lind and 
Wolfgang Luck for helpful comments. We are also grateful to Doug Lind for 
alerting us to the reference ^3]. The first author would like to thank the 
Erwin Schrodinger Institute for support. 



2. Group rings 

Let r be a countable discrete group with identity element 1 = lr and integral 
group ring Zr. We denote by L°°(r) the set of all bounded maps from V to 
E, write every w G L°°(T) as (w y ) with «J 7 el for every 7 G T, and denote 
by IMIoo = su P7er 1^7 1 the supremum norm on L°°(r). For p G [l,oo) we 
set 

LP(T) = G L°°(r) : \\w\\ p := \w y \ p ^j P < 00 j. 

For 7 £ T we define e(j) G L x (r) C L°°(T) by 
(2.1) e( 7 ) y : 



1 if 7 = 7' 
otherwise. 



Every h in L 1 (r) can be uniquely written as a convergent series 
(2.2) h = Y,*h<i) 

with hy G M and E 7e r 1^7 1 < 00 • ^ n this notation multiplication in the 
convolution algebra ^(T) takes the form 



h-h'= £ / l7 / i ;,e( 77 , )=E(E /l 77'- l/l 7') e W 



7Gr Ver 

The involution h 1— ► /t* in L (T) is defined by 

(2.4) ^ = EV e W=EM7l 

7er 7 Gr 

and satisfies that (g ■ h)* = h* ■ g* for g,h G L 1 (r). An element h G £ (T) 
is self-adjoint if /i* = /i. 

Note that the integral group ring Zr of finite formal sums a 7 7 with 
a 7 G Z can be viewed as a subring of -^(r) by identifying ^ 7 a 7 7 with 
E 7 a 7 e (7)- 
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Multiplication in i 1 (r) can be extended further to commuting (left) actions 
(h,w) i— > XhW and (h,w) i— > p^w of L 1 (r) on L°°(r) by setting 

(A/ l u;) 7 = (7i • w) 1 = ^ h^-iwy = ^ h^w^-i^, 

(2.5) 

(/0ftl0) 7 = (w ■ /i*) 7 = ^ W^-lh*, = ^2 W Jj'h-y' 

7'er 7'er 

for every h G L 1 (r), w G L°°(r) and 7 £ T. The /e/t and rig/ii shift actions 
A and p of T on L°° (r) are given by 

X^w = A e ( 7 )iw, p 7 u> = p e ( 7 )U> 

or, equivalently, by 

(2.6) (A 7 u;)y = U> 7 -iy, (p 7 "U;)y = U>y 7 
for every u; G L°°(r) and 7,7' £ T. 

For the following lemmas we fix h G L 1 ^) and define the linear operators 
p h ,p h *: L°°(r) — ► L°°(r) by (l2~H)-(l23l. For v G L p (r) and u> G L 9 (r) 
with | + | = 1, 1 < p, q < 00, we set 

(2.7) (v, w) = ^2 v 7 w -y 

For 1 < p < 00 this pairing identifies L P (T) with the dual L q (T)' as Banach 
spaces and L P (T) acquires a weak *-topology. In this topology (v n ) converges 
to v if and only if lim n ^ 00 (u„, w) = {v,w) for all w in L q (F). 

Note that 

(v,p h w) = (v,w ■ h*) = (v ■ h,w), 

{v, Xhw) = (v,h ■ w) = {h* ■ v, w) 
for every /i G L x (r). Finally we put, for every h G -^(r) and 1 < p < 00, 
(2.9) K p (h) = {g G LP(r) : p^ = 0}, V p (h) = Ph {L p {T)). 



3. Algebraic T-actions 



Definition 3.1. Let T be a countable discrete group. An algebraic T-action 
is a homomorphism a: 7 1— > a 1 from V into the group Aut(A) of continuous 
automorphisms of a compact abelian group X. 

If a is an algebraic T-action on a compact abelian group X then a is ex- 
pansive if there exists an open neighbourhood U of the identity in X with 

n 7er « 7 (^) = o. 

In this section we consider algebraic T-actions of a very special nature. Fix a 
countable discrete group V and consider the compact abelian group X = T r 
consisting of all maps from r to T = R/Z under point- wise addition. Each 
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x £ X is written HIS ^Olj ry ) = (xj, 7 E T), where x 7 G T denotes the value of x 
at 7 G r. We identify the Pontryagin dual X of X with the group ring ZT 
under the pairing 

(3.1) (f,x) =e 2wi ^^ f -< x \ 
where / = X^ 7 er /t7 e ^ anc ^ x = ( x i) e 

The left and right shift actions A and /? of T on X are defined by 

(3.2) (A 7 x) 7 / = x 7 -iy and (p 7 x)y = xy 7 

for every 7,7' G T and x € X. As in (|2.5f) we can extend these actions of T 
to commuting (left) actions A and p of Zr on X by setting 

(3.3) XfX = f'y^'x an d Pf x = f~iP~ <x 

for / G Zr and x <E X (cf. (J23J)). For every / <E ZT, the maps \f,pf. X 
— > X are continuous group homomorphisms which are dual to left and 
right multiplication by /* and /, respectively, on X = ZT. 

For the following discussion we set 

(3.4) L°°(r,Z) = {w = (w 7 ) G L°°(r) :w 7 £Z for every 7 € T}. 
We fix / G ZT, set 

(3.5) X/ = kerO>/) = {x G X : p f x = 0} = zf/ZT /, 
and denote by 

(3.6) a/ = A|xj 

the restriction to Xf of the T-action X on X. Since aj G Aut(Xj) for every 
7 G r, a f is an algebraic T- action on the compact abelian group Xf. 

The map 77: L°°(r) — > X, given by 

(3.7) r ]( w )'r = w ~i (mod 1) 

for every w = (w 7 ) G L°°(r) and 7 G T, is a continuous surjective group 
homomorphism with 

(3.8) 77 o A 7 = A 7 o 77, n o p 1 = p 1 on 
for every 7 G T, and the linearization 

(3.9) W> = rT 1 ^/) = ^(L^Z)) = {u; G L°°(r) : G L°°(r,Z)} 

of Xf is a weak* -closed and A-invariant subgroup with ker(r7) = L°°(r, Z) C 
W f . 

Theorem 3.2. Let T be a countable group, f G Zr, and let af be the 
algebraic T -action on Xf defined in (|3,5|) - (|3.6j) . The following conditions 
are equivalent. 

(1) The action af is expansive; 
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(2) K^if) = {0} (cf. <E3J) and (JUJ)); 

(3) / is invertible in L (r). 

Proof. This follows by combining 6 ( Theorem 8.1] with [2j Theorem 1]. For 
the convenience of the reader we include the argument. 

Let d be the usual metric 

(3.10) S2) = min — S2I : Sj G M and Sj = Sj (modi) fori = 1,2} 

on T. If there exists a nonzero element v € K^f) then rj(cv) € Xf for 
every c € R, and by choosing |c| sufficiently small we can find, for every 
e > 0, a nonzero element x^ e ^ £ Xy with d{x^\ 0) < e for every 7 € T. This 
proves that a/ is nonexpansive. 

Conversely, if aj is nonexpansive, then we can find a nonzero element x £ Xj 
with d(x 7 ,0) < (3||/||i) _1 for every 7 £ T. We choose x E ?/ _1 ({a:}) C 
Wj = r? -1 (Xj) with |x 7 | < (3||/||i) _1 for every 7 £ T. By definition of 
X#, pjx £ L°°(r, Z), and the smallness of the coordinates of x implies that 
x £ K^if). This proves that (1) o (2). 

If Koo(/) = {0} then Vi(f*) is dense in L x (r) by C3J and the Hahn-Banach 
theorem. Since the group of units in L l {T) is open, V\(f*) contains a unit. 
Hence there exists a, g £ ^(T) with g ■ f = 1. By p. 122], / is invertible 
in L x (r), which proves (3). The implication (3) => (2) is obvious. □ 

4. HOMOCLINIC POINTS 

Definition 4.1. Let a be an algebraic action of a countable discrete group 
r on a compact abelian group X with identity element 0. A point x £ X 
is a-homoclinic (or simply homoclinic) if lim 7 _>.ao a 7 x = 0, i.e. if for every 
neighbourhood U of in X there is a finite subset F of T with a 7 x £ £/ for 
all 7 £ r \ F. 

The set A a (X) of all a-homoclinic points in X is a subgroup of X, called 
the homoclinic group of a. 

Following :9, we call an a-homoclinic point x £ X fundamental if the ho- 
moclinic group A Q (X) is generated by the orbit {a 7 x : 7 € T} of x. 

Proposition 4.2. Let V be a countable group and f E Zr an element which 
is invertible in L 1 (r). 

Ifwf = f- 1 G L x (r) and £ = 7/ o p w A : L°°(r,Z) — ► X f {cf. Q and 
(j3.5[) - ([3.7j) ). i/zen ^ is a surjective group homomorphism with the following 
properties. 



(1) ker(0=P/(L°°(r,Z)); 
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(2) £ o A 7 = aj o £ /or every 7 G T; 

(3) £ is continuous in the weak* -topology on closed, bounded subsets of 

L°°(r,z). 

Proof. We set to = (f*)~ x = By definition, pfw = w ■ f* = e(l) 

and hence li £ W/ and = 77(10) G Xf (cf. lpT§|0. Since * G £ X ( r )> 
xf€A a/ (X/). 

The A-invariance of W/ implies that jo^a/j = \h,w G W/ for every h G Zr. 
Since Wf is weak*-closed and /j^a is weak*-continuous on bounded subsets 
of L°°(r, Z), it follows that 

p wf (L°°(T,Z))cW f . 

In order to prove that p w a(L°°(T,Z)) = Wf we fix w G VFy, set v = pfw G 
L°°(r,Z), and obtain that to = p w &v. 

The group homomorphism 

(4.1) H = r ] op wf :L°°(r,Z)^X f 

is thus surjective, and the equivariance of £ is obvious. 

If B C L°°(r, Z) is a closed, bounded subset, then the weak*-topology coin- 
cides with the topology of coordinate-wise convergence, and £ is obviously 
continuous in that topology. □ 

Theorem 4.3. Let V be a countable residually finite discrete group and 
f G Zr. If the algebraic V -action ctf on the compact abelian group Xf 
in (j3,5j)H)3.6|) is expansive, and if wf = f^ 1 G L 1 ^) is the inverse of f in 
L x (r) described in Theorem \3.S\ then xf = rj[(wf)*) G Xf is a fundamental 
homoclinic point of ctf . 

Proof. Since w = (wf)* G L l (T), xf G A af (Xf). If x G A af (X f ) is 
an arbitrary a j-homoclinic point, then we can find a w G rj~ 1 ({x}) with 
lim^oou^ = and hence with v = p f (w) G L l (T,Z) = L 1 (T) n L°° (T , Z) . 
The point w = p w av lies in the group generated by the A-orbit {A 7 to : 7 G T} 
of w, and by applying 77 we see that x lies in the group generated by the 
a/-orbit of xf. This proves that xf is fundamental. □ 

Theorem 4.4 (Specification Theorem). Let T be a countable residually fi- 
nite group and f G Zr an element such that the algebraic T -action ctf on the 
compact abelian group Xf in (|3.5JI - Q3.6|) is expansive. Then there exists, for 
every e > 0, a finite subset F £ C V with the following property: if C\, C2 are 
subsets ofT with F £ C\r\F £ C2 = 0, then we can find, for every pair of points 
x (i) )X (2) g a p ^ n i y g Xf with d(x^j\y 1 ) < e for every 7 G C«, 2 = 1,2 

(cf. Ma). 
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For the proof of Theorem 14.41 we need an elementary lemma. 

Lemma 4.5. For every x G Xf there exists an element v G L°°(r, Z) with 
i(v) = x and \\v\loo < ||/||i/2. 

Proof. Choose w G Wf = ^(Xf) C L°°(r) with rj(w) = x and -1/2 < 
w 1 < 1/2 for every 7 G T. Then v = p f w G L°°(r,Z), |M|oo < ||/||i/2 and 
£(v) = x by Proposition 14.21 □ 

Proof of Theorem \4-4\ Consider the point = / _1 G L l {T) described 
in Theorem 13.21 We can find, for every e > 0, a finite set F e C T with 



and note that K/t^Ay^ — (pi&y) 7 | < e/2 for every 7 G T and every y G 
L°°(r,Z) with ||y||I < H/llx/2. 

Lemma 14.51 allows us to find points G L°°(r,Z) such that w) = ac® 
and ||vW|| < H/lli/2 for i = 1,2. Let u G L°°(r,Z) be a point with (H^ < 
H/lli/2 and w 7 = 4 i} for 7 G Cf-F" 1 , i = 1,2, where F 6 _1 = {7" 1 : 7 G F £ }. 
Then d(x^ ,r](p^v ^) 7 ) < e/2 for every 7 G T and (pwV^)j = (ptsf) 7 for 
every 7 G Cj, 2 = 1,2. By setting y = £(V) we obtain that d{x^\ y 7 ) < e for 
every 7 G Cj, i = 1,2. This proves our claim. □ 

Theorem 4.6. Let V be a countable residually finite group and f G Zr an 
element such that the algebraic V -action af on the compact abelian group Xf 
in (|3,5j)H)3.6|) is expansive. Then the homoclinic group A af (Xf) is countable 
and dense in Xf. 

Proof. The countability of A af (Xf) is proved exactly as in Lemma 3.2]. 
In order to verify that A af (Xf) is dense in Xf we consider the continuous 
surjective group homomorphism £: L°°(T, Z) — ► Xf in Proposition 14.21 
We set B = {v G L°°(T,Z) : \\v\loo < ||/||i/2} and note that £(B) = 
Xf by Lemma l4.5| and that the restriction of £ to B is continuous in the 
weak*-topology. Since B n L 1 (r,Z) is countable and weak*-dense in B, the 
countable set £(B n L X (T, Z)) C A a/ (X/) is dense in X/. □ 

We end this section with a lemma which implies that the point G L l {T) 
appearing in the Theorems 14.31 and 14.41 decays rapidly. 

Proposition 4.7. Let V be a countable discrete group and f G Zr. // 
af is expansive there exists, for every L > and e > 0, a finite subset 
F(L,e) C T with the following property: if w G Wf satisfies that ||tu||oo < L 
and (pfw)y = for every 7 G F(L,e), then \w±\ < e. 



E 7 erxF £ \( w fh 



<£/||/||l. Put 
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If the group T is residually finite, finitely generated and has polynomial 
growth, then the point wf has exponential decay in the word metric on T. 

Proof. We argue by contradiction and assume that there exist an e > 0, 
an increasing sequence (F n ) of finite subsets in T with U n >i Fn = F and 
a sequence (w^ n \ n > 1) in Wf such that, for every n > 1, ||w^ n ^||oo < L, 
{w^l > e and Pfuffl = for every 7 £ i^ n . If u/°) is the limit of a 
weak*-convergent subsequence of (w^), then (w^l > e and u/°) € ker(pj), 
contrary to our hypothesis that ay is expansive and ker(pj) is therefore 
equal to 0. 

Now suppose that Y is residually finite, finitely generated and has polynomial 
growth. We choose and fix a finite symmetric set of generators F of V and 
write 5f for the word-metric on V. For every 7 G Y we denote by ^(7) the 
length of the shortest expression of 7 € T in terms of elements of F, where 
£f(1) = 0. Since T has polynomial growth there exist constants c, M > 1 
such that the set 

(4.2) B F {n) = {7 € T : ^(7) < n} 

has cardinality < cM" for every n > 0. 

The point u> = (wf)* G -^ 1 (r) satisfies that p/d; = e(l). We set L = ||w||oo 
and use the first part of this proposition to find an R > 1 such that \wi\ < 
L/2 for every w € Wf with ||w||oo < L and pfW = on Bp(R). Our choice 
of i? guarantees that |iu 7 | < L/2 for every 7 <G Bp(2R) \ Bp(R) and, by 
induction, that |u> 7 | < L/2 fe for every /c > 1 and every 7 € Bp(kR) \ 
B F ((fc - 

This proves exponential decay of the coordinates of w (and hence of wf) in 
the word metric on T. □ 

5. Entropy and periodic points 

Let r be a countable discrete group and K C T a finite set. A finite set 
Q C T is left (K , e) -invariant if 

^| 7 QAQ|/|Q|< £ , 

and r%/i£ (K,e) -invariant if 

^|Q 7 AQ|/|Q|<e. 

If Q satisfies both these conditions it is (K,e) -invariant. 

A sequence (Q n , n > 1) of finite subsets of T is a /e/£ F0lner sequence if 
there exists, for every finite subset K C T and every e > 0, an iV > 1 such 
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that Q n is left (K, e)-invariant for every n > N. The definitions of right 
and two-sided F0lner sequences are analogous. The group V is amenable if 
it has a left F0lner sequence. If V is amenable it also has right and two-sided 
F0lner sequences. 

Let T be a countable residually finite discrete group. If (r n , n > 1) is a 
sequence of finite index normal subgroups in T we say that 

(5.1) lim T n = {1} 

n— >oo 

if we can find, for every finite set K C T, an N > 1 with r n n (K K) = {1} 
for every n > N. Clearly, such sequences exist. 

Theorem 5.1. Let V be a countable residually finite amenable group, f E 
ZT, and let a.f be the T -action on Xf defined in (|3.5|) - (|3.6[) . If Xf ^ and 

otf is expansive then h(ctf) > 0. 

Proof. Let (T n , n > 1) be a decreasing sequence of finite index normal sub- 
groups of T with n„>i L„ = {1}. 

For notational simplicity set w = (Wf)* (cf. Theorem l4.3)) , The homoclinic 
group A af (Xf) is dense in Xf by Theorem 14.61 and, since Xf ^ by as- 
sumption, the fundamental homoclinic point x = x^ = n(w) is nonzero. 
Hence there exist a 70 G T and a finite subset F C V with w^ ^ Z 
and X^eiXF < ^(^7o>0)/2j where d(-,-) is the metric on T defined 
in (|3.1U|) ). We choose n sufficiently large so that the sets 7F, 7 G T n , are all 
disjoint. For every uj G = {0, l} r " we define a point a;^- 1 G by setting 
™ H = E 7 er n ^Vw and = j^M) = £ 7e r n w 7 A^. 

We fix 7 € T n for the moment and consider two points u,u' G O with 
w 7 / Then d(x 7 ^Q , Xy^ ,) > d(i 7o ,0)/2. 

If (Qto> > 1) is a left F0lner sequence in T then 

lim — i?n — = l r / r «l • 

m ^°° \Qm\ 

We conclude that the set {x^ : uj G $7} contains, for every m > 1, a 
(Qm> d(x 70 , 0)/2)-separated set of cardinality 2l Qmnrn7 °l, and hence that 

M"/) > ir/Tnl -1 -iog 2 > 0. □ 

In order to find out more about the actual value of h(aj) we take a look at 
the periodic points of a/. Fix a subgroup fcT and denote by 

(5.2) Fixr'(Xf) = {iEl/: ajx = x for every 7 G V} 

the subgroup of T' -invariant points in Xf. Clearly, Fix-p'(Xf) is T'-invariant, 
and Fixr'(Xj) is T-invariant if and only if V is a normal subgroup of T. Next 
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we set 

L°°(r) r ' = {w G L°°(r) : X^w = w for every 7 G ]?'}, 

(5.3) wf = Wf n L°°(r) r ', 
L°°(r,z) r ' = z 00 (r,z)nz 00 (r) r '. 

We write £: L°°(r,Z) — ► for the group homomorphism described in 
Proposition 14.21 

Proposition 5.2. Let T be a countable residually finite group, f G Zr, and 
Ze£ af be the T -action on Xf defined in H3.5j) - ()3.tj|) . For every subgroup 
r'cT of finite index, 

(5.4) FixrK^/) = ^°°(r,Z) r ') 2>L °(T } Zf/p f (L °(r,Zf). 

Proof. From the equivariance of £ it is clear that that £(L°°(r, Z) r ') C 
Fixp/(Xj). Conversely, if x G Fixr'(-X"/), then we can find w G Wj' C 
L°°(r) r ' with 17(11;) = x (cf. JHH), and the point v = p f w G L°°(r,Z) r ' 
satisfies that £(?;) = x. This proves that ^(L°°(r,Z) r ) = FixT'(Xf), and 
Proposition O guarantees that ker(£) nL°°(r,Z) r ' = pf(L°°(T, Z) r '). It 
follows that Fix r /(X/) = £(L°°(r, Z) r ') L°°(r, Z) r 7/)/(L°°(r, Z) r '), as 
claimed. □ 

Corollary 5.3. 7/|r'\r| < 00 i/ieri l Fix r'( X /)l = l det G°/lL°°(r)r')l- 

Proof. If the coset space r'\r is finite then L°°(r) r ' = R r '\ r and we de- 
note by P/lioo(r)r' the restriction to L°°(r) r = Z r \ r of the linear map 
p f : L°°(r) — ► L°°(r). Then pf(L°°(T, Z) r ') C L°°(r,Z) r ' and the abso- 
lute value of the determinant det(/?/| LOO ) is equal to 
|L 00 (X,Z) r 7p / (L 00 (r,Z) r ')| = □ 

Remark 5.4. Since ay is expansive, ker(pj) = by Theorem 13.21 and the 
proof of Theorem 13 . 21 shows that there exists, for every pair of distinct points 
x, x' G Xf, a 7 G r with d(a? 7 ,a^) > (3 1[ y || x )~ X (cf. iCOTTIl ). 

If r' C r is a subgroup with finite index, and if Q C T is a fundamental 
domain of the right coset space r'\r, i.e. a finite subset such that {7Q: 7 G 
r'} is a partition of T, then the preceding paragraph implies that Fixp'(Xy) 
is (Q, (3\\f\\i)~ 1 )-separated in the sense that there exists, for any two distinct 
points x,x' G X^' , a 7 G Q with d(x ry ,Xy) > (3||/||i) _1 . 

For the terminology used in our next proposition we refer to the beginning 
of this section and to Remark 15.41 

Proposition 5.5 f|14j). Let T be a countable residually finite amenable 
group and let (T n , n > 1) be a sequence of finite index normal subgroups 
with linin^oo T n = {1} (cf. (|5.1JI ). Then there exists, for every finite subset 
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K C r and every e > 0, an integer M = M(K, e) > 1 such that every 
r„, with n> M has a (K,e) -invariant fundamental domain Q n of the coset 

space r/r n . 

Proof. This is a slight reformulation of |14| Theorem 1] requiring only very 
minor changes in the proof. We describe these changes briefly, using essen- 
tially the same notation and terminology as in |14j . 

Fix a finite set K C V and e > and let e and r\ be sufficiently small positive 
numbers whose sizes will be clear by examining the course the proof. Choose 
N > 1 with 

^ 2/ v 200 

and use the amenability of T to find an increasing sequence (Fj, j > 1) such 
that 

(i) F\ is (K, e)-invariant and 1 6 -Pi, 

(ii) for 1 < j < N, Fj+i D Fj and is (FjF^ 1 , ^-invariant. 

Since f| n >i r « = I 1 } we can nnd an M > 1 with T A / n F^F N = {1}. We 
fix n > M and write 9: T — ► r/r n = G for the quotient map which is 
injective on F/v. 

The argument in the proof of |14l Theorem 1] allows us to find — for ap- 
propriately chosen e, r) — finite subsets {7^ : i = 1, . . . , rrij, j = 1, . . . , N} 
and {7- • : i = 1, . . . , m'-, j = 1, . . . , iV} of T and, for each j = 1, . . . , N, sets 
Fij C -Fj, i = 1, ... ,mj, F/j C Fj, i = 1, . . . , m^-, such that the following 
conditions are satisfied. 

(1) For every \F itj \ > (1 - e)\Fj\ and \F^\ > (1 - e)|F,-|; 

(2) For every i, j, the sets Fjj and i^' ■ are (-PC, e/2)-invariant; 

(3) The sets 6(Fij r yij), i = 1, . . . , ra 3 - , j = 1, . . . , N, are disjoint; 

(4) The sets 6(j[ jF-j), i = 1, . . . , m'-, j = 1, . . . , iV, are disjoint; 

(5) The sets 

AT mj AT m< 

f = (j U Wu%i)> E ' = U U »(V^-) 

j'=li=l j=li=l 

satisfy that 

|F|> (1-^)|G|, |^[>(1-^)|G?|. 

We set F = F n F' and choose a set Q D F such that |Q| = |G| and 
0(Q) = G. Then Q is a (iC, e)-invariant fundamental domain of the coset 

space r/r n . □ 

Corollary 5.6. Let V be a countable residually finite amenable group and let 
(r n , n > 1) be a sequence of finite index normal subgroups with linin^oo T n = 
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{1}. Then there exists a F0lner sequence (Q n , n > 1) such that Q n is a 
fundamental domain ofT/T n for every n > 1. 

Theorem 5.7. Let T be a countable residually finite amenable group and let 
(r n , n > 1) be a sequence of finite index normal subgroups with linin^oo T n = 
{I}- 

If f £ Zr, and j/i/te algebraic T -action af on Xf in (j3.5j) - ([3.6|) is expansive, 
then 



n— >oo 

1 



(5.5) = lim pp^log |L 00 (r,Z) r Vp/(L 00 (r,Z) r " 

n^oo |1 /I n | 



lim^ |Wr | log |det(p/| L oo (r) r„)|, 



n— >oo 



1 

|r/f ri 

where Fix^ n (Xf) C Xf is the subgroup of T n -periodic points in (|5.2|) and 
L°°(r) r " c L°°(r) is denned in Q (c/. Corollary E3> . 



Proof. We choose a F0lner sequence (Q n , n > 1) in T such that Q n is a 
fundamental domain of T /T n for every n > 1 (cf . Corollary I5.6j) . Propo- 
sition 15.21 and Corollary 15.31 show that there exists, for every n > 1, a 
(Qm (3||/||i) _1 )-separated set (in the sense of Remark l5.4j) of cardinality 

|Fixr n (X/)| = |L oo (r,Z) r Vp/(^ 0O (r,Z) r »)| = |det( P/ | ioc(r) r„)|. 

Since (Q n , n > 1) is F0lner and |Q n | = |r/r n | this implies that 

h{a f ) > hmsup-— log \FiyL Tn (X f )\. 

Conversely, let 8 > 0, e < 5/3, and let F £ be a finite symmetric set with 
S 7 er\F e l w 7 I < ^/ll/lli the P r oof of Theorem I4.4f) . The sets P n = 
Qn H fl 7 gF- Qn7i " > 1, form a F0lner sequence with linin^oo j^M = 1. 

We fix n > 1 for the moment and choose a maximal set SV^ C X/ which 
is (P n , <5)-separated in the sense of Remark 15.41 For every x £ S n> s we find 
w(x) £ Wf C L°°(r) with 1 1 to (a;) | |oo < ||/||i/2 and?](w(i)) = x fLemmal4~5|) 
and write v(x) £ L°°(r,Z) rn for the unique point with v{x) 1 = {pfw(x)) 1 
for every 7 £ Q n . Our choice of F e implies that the points {£(v(x)) : 
x £ S nj s} C Fixr n (Xf) are (P n , <5/3)-separated and therefore distinct, and 
Proposition 15.21 shows that \S n; s\ < \Fixr n (Xf)\. 

Since (P n , n > 1) is F0lner and limn^oo = 1 this implies that 

/i(a/) = lim 7^-rlog |£ n j| < liminf — — log |Fixr„(X/)|, 
which completes the proof of (|5.5|) . □ 
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Corollary 5.8. Let T be a countable residually finite amenable group, and 
let f,g G Zr be elements such that the algebraic T -actions ctf and a g on 
Xf and X g in (|3.5|) - ([3.6j) are expansive. If a/* and otf. g are given as in 
(|3.5j) - (13.6(1 with f replaced by f* and f ■ g, respectively, then otf* and af. g 
are expansive, h(a,f*) = h(af) and h(af. g ) = h(af) + h(a g ). 

Proof. The expansiveness of a f* and a f. g is clear from Theorem 13.21 and 
the entropy formulae follow from the usual properties of determinants (cf. 

CT ). □ 

6. Entropy and Fuglede-Kadison determinants 

In this section -£/ p (r, C) will denote the complex L p -space of T for 1 < p < oo 
with its conjugate linear involution w i— > w* given by (i«*) 7 = w^-i, 7 G T. 

The von Neumann algebra A/T of a discrete group T can be defined as the 
algebra of left T-equivariant bounded operators of L 2 (r,C) to itself. Thus 
a bounded operator A on L 2 (F, C) belongs to A/T if and only if we have 

X'A(v) = A{X'(v)) 

for all v in L 2 (F, C) and all 7 in T. 

The homomorphism of C-algebras with involution: 

p : L\T,C) — >MT 
mapping / to the operator pj with Pf(v) = v ■ f* is injective because 
Pf(e(l)) = f*. In the following we will sometimes view p as an inclusion 
both of L 1 (r, C) and of CT into A/T and omit it from the notation. 

The von Neumann trace on AfT is the linear form 

trjvr : A/T — > C 

mapping A to tr_\fr(A) = (A(e(l)), e(l)). The trace is faithful in the sense 
that tryvr^J. = for a positive operator A in A/T implies that ^4 = 0. More- 
over tr/vr vanishes on commutators and satisfies the estimate |tr_/vr^4| < 
On L 1 (r,C) it is given by trj\jr(w) = w(l). All this is easy to check. 

The Fuglede-Kadison determinant of A in (J\fT)* is the positive real number 

(6.1) det^r^ = exp Qtrjvr(log AA* 

Note here that the operator AA* is invertible and positive so that log AA* 
is defined by the functional calculus. If E\ is a spectral resolution for AA* 
we can also write: 

(6.2) det^rA = exp Q J log A dt Wr (^)) • 



EXPANSIVE ALGEBRAIC ACTIONS 



15 



If the group T is finite we have NT 



Cr and 



(6.3) 



\detA\ 



V|r| 



We refer to Example 3.13 or ,3j Proposition 3.1 for a discussion of the 
case r = Z" - , or see below. 

For positive A in (NT)* we have 

detA/T^. = exptryvr(log A). 

For operators < A < B in (NT)* this implies the inequality 

(6.4) detjvrA < detj^rB. 

It is a non-trivial fact that det_/vT defines a homomorphism 



The intuitive reason for this is the Campbell-Hausdorff formula. The actual 
proof in [7j for Ui-factors and the analogous argument for group von Neu- 
mann algebras in [111 3.2] is different though in order to avoid convergence 
problems. 

The following remark on the disintegration of det^r serves only to give some 
further background on this determinant. The required theory can be found 
in 4 for example. 

Let Z(T) be the center of T. For a character x m Z(T) consider the Hilbert 
space 



By the spectral theorem applied to the commuting unitary operators p 1 with 
7 in Z(T) we have a direct integral decomposition 



where \x is the Haar probability measure on the compact abelian group Z(T). 
Correspondingly we get a disintegration 



deWr : (A/T)* 



+ 



L 2 (T, C) x = {h in L 2 (T, C) : p<h = X (l)h for all 7 in Z(T)}. 





where N X T is the von Neumann algebra of bounded operators on L 2 (T, C) x 
which commute with the left T-action A. 



The Fuglede-Kadison determinant det^r is defined similarly as above and 
we get the formula 
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Here A x is the restriction of A to an invertible operator from L 2 (T,C) X to 
itself. If r is commutative we find that 



\og&etx v A = jf log|a(x)|d//(x), 



if A x acts on the 1-dimensional space L 2 (T,C) X by multiplication with 
a(x) € C*. For / in CT in particular we get 

(6-5) logdetjvr/ = J log \f(x)\dfJ,(x) 

where / is the Fourier transform of /. 

We now begin with some preparations for the proof of the entropy formula 
in Theorem ll.il 

Let r be a countable residually finite discrete group and let (T n ,n > 1) be 
a sequence of finite index normal subgroups with linin^oo T n = {1}. Set 
r(") = r n /r. For / in ^(r.C) the bounded operator p f : L 2 (T,C) -> 
L 2 (r,C) given by right convolution with /* satisfies the norm estimate 

(6-6) Hp/11 < ii/ih. 

The group T acts via A on L°°(r,C) and we have an isomorphism of finite 
dimensional C-vector spaces 

(6.7) L°°(r,C) r ™ L°°(r (n) ,C) 

given by viewing left r n -invariant functions on T as functions on T n /T. 
Since pt is left r n -equivariant it induces an endomorphism of L°°(r,C) rn 
and hence an endomorphism of L°°(r( n ),C) = Cr( n ) = L 2 (r( n ),C) which 
we denote by: 

(6.8) pf ■ L 2 (r("),c) — > L 2 (r( n ),c). 

Consider the map "integration along the fibres": 

(6.9) ^(r,c) — ^(r^c) 

given by sending / : T — > C to the function : — > C defined by 

7G<5 

for all residue classes in 5 in T^ n \ As short calculation shows that (|6.9j) is 
a homomorphism of C-algebras with involution such that ||/^ n ^||i < ||/||i- 
Moreover we have 

(6.10) pf = p fM : L 2 (rW,c) — > L 2 (r("),c). 

By the estimate (|6.6[) applied to f( n > and T^ n > we have < 
Using (|6.1UI) we get the uniform estimate for all n > 1 

(6.11) \\pf\\ < ii/ih. 
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From the definition of p?' the relation p^J = p?' p g n ^ follows. Hence is 

invertible if / is invertible in L l (T, C) and we have {p^)~ l = Pf-i- Together 
with (|6,11|) this gives the estimate 

(6.12) ||(P/ n) ) -1 H < f or fmL^TXT and all n > 1. 
Note that by equation (|6.3j) we have 

(6.13) logdet^n)/^ = , r logldetp /( „)| 

= ijyp j log|det(p/ [ L ^ ( r,c) r n)|. 

Hence Theorem II. II of the introduction follows from Theorem 13.21 Theorem 
15.71 and the following result: 

Theorem 6.1. Let T be a countable residually finite discrete group and 
(r n ,n > 1) « sequence of finite index normal subgroups with lim n _ +oo r n = 
{1}. For f mL 1 (r,C)* we have 

detA/r/ = lim det MT ( n) / (n) . 

n— >oo 

Proof. Because of the relation (ff*)^ = /W/( n )* the assertion means: 

(6.14) tr^r log /? 9 = lim tr Mr(n) logp w 

for g = ff* in L x (r,C)*. But p g = p f p* f and p g{n) = p f{n )P* f(n) are positive 
operators on L 2 (T, C). By the estimate (|6.6j) applied to g and g" 1 and 
the estimates (|6.11(l and ()6.12|) applied to g instead of / it follows that the 
spectra a(p g ) and a(p g ( n )) lie in the closed interval / = [\\g\\i , \\g\\i]- 

Fix e > 0. By the Weierstrass approximation theorem there exists a real 
polynomial Q such that 

sup |logi — Q(t)\ < e. 
tei 

Since the spectra of p g and p g ( n ) lie in I it follows that we have 

|| log p g - Q(p g ) || < e and || log p g{n) - Q(p g( n) ) || < s. 
Using the estimate (tr/v/r^l < ||^.|| we find: 
|twrlogp 9 - ti Mr( n) logp ff{ „)| < \tTj^r(logp g - Q{p g ))\ + 

\^MvQ{Pg) ~ ^MT(n)Q{Pg^))\ + l tr Arr(«)( lo gP S (") ~ Q{Pgi^)))\ 

< II fogPff - Q{Pg)\\ + |tWrQ(/5 9 ) - ^UTi»)Q{Pg{n))\ + || l0gp 9 (n) - Q{Pg(n)] 

< 2e + |t Wr Q(<?) - tr^QfoW)!. 

Hence formula (|6.14|) is a consequence of the following Lemma 16.21 □ 

Lemma 6.2. For any f in L 1 (r,C) and any complex polynomial Q(t) we 
have 

tWrW) = lim tr MrM Q(f {n) )- 
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Proof. Since Q(f) is in L^C) and Q(/) (n) = Q(f {n) ) it suffices to prove 
the assertion for Q(t) = t i.e. that 

twr/ = lim tetfrwf 

for all / in L 1 (r, C). Writing / = £ 7 / 7 e( 7 ), we have /(»> = £ 7 / 7 e(7) 
where 7 = r n7 . Thus we get 

trMTf = fl and tr^p^j/^ = ^ / r 

7 er„ 

Fix some e > 0. Since / is in L 1 (r, C) we have X^ 7 gr I/7I < °°- Hence there 
is a finite subset K of T with 1 £ K such that we have X) 7 er\ir I/7I < e - 
Since lim n _ +00 T n = {1} we can find an index N > 1 such that r„nK _1 i{ = 
{1} for all n > N. Since 1 G K it follows that r n nif = {1} for all n > iV 
as well. For n > N we therefore get the estimate: 

|t Wr /-tr^ rM /W| = |/i-^/ 7 |< Yl lAl 

7 er„ 7 er„\{i} 

< E IAI<e. 

7 er\X 

Since e > was arbitrary the lemma is proved. □ 

Remark 6.3. For / in Zr the element f^ lies in ZT^ n \ Hence trjvr/ an d 
trjy r („)/^ are integers and it follows that we have trjvr/ = tr^-p^/W for 
all n>0, c.f. Lemma 2.2 or ^2] 5.5. Lemma. 

For an element / in L 1 (r, C) let a f = ]im n ^ 00 \\f n \\\ /n < ||/||i be the 
spectral radius of /. We have 

1 1 ED 1 

logdetjvr/ = -twr log p//. <- 1| log /)//*!( < - log ||//*||i 



< log 11/ in 
Hence 

(6.15) logdeWr/ = -logdet^r < log ||/ll /n - 

n 

Therefore 

logdetATr/ < logo-/. 
If / is in L 1 (r,C)* inequality ()6.15() applied to / _1 gives: 

logdeWr/> -log||r n ||J /n 

and in the limit 

logdetATr/ > -logo-j-i. 
Together with Theorem 11.11 this gives the following corollary: 

Corollary 6.4. In the situation of Theorem M.ll if f € Zr is a unit in 
L 1 (r, C) we have the estimates 

log nr'iir 1 < log^-o- 1 < h f < log a/ < bg n/iii. 
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Example 6.5. For r = Z n the spectrum of the commutative normed *- 
algebra L 1 (Z n ) is the real n-torus T n = S n , where S = {z € C : \z\ = 1} 
(c.f. |lft| XI 2. Example 2]). Hence an element / in L 1 (Z n ) is invertible if 
and only if the Fourier series / does not vanish in any point of S n (Wiener's 
theorem). By |15j XI 2. Theorem 1, we have af = max l6 s» 1/0*01 and 
oy-i = max^gsn = max xe §n |. For an element / in Z[Z n ] 

which is invertible in L 1 (Z n ) the corollary therefore gives the estimates: 

min log \f(x)\ = log^-i) -1 < ht < logo"/- = maxlog 
Of course, this estimate follows directly from the formula 10 

hf= log\f(x)\dp(x), 
which in our case is also a special case of Theorem 11.11 and equation (|6.5|) . 

Corollary 6.6. In the situation of Theorem M.lV consider elements f,g in 
Zr n i 1 (r, C)* which satisfy < / < g in A/T. Then we have ht < h g and 
equality hf = h g holds if and only if f = g. 

Proof. The first assertion follows from inequality ()6.4|) applied to the op- 
erators pj and p g on L 2 (T, C). By the monotonicity of the logarithm the 
operator A = logp g — log pf in A/T is positive. If the entropies are equal, 
i.e. if hf = h g , then it follows from Theorem 11.11 that 

tWr(log p f ) = trjvr(logpg). 

But this means that tr/vT^4 = and hence A = since trjvr is faithful. 
Applying exp to the equality logpj = logp g gives the second assertion. □ 

The following is an application of our theory to the structure of (A/T)*. 

Corollary 6.7. For a group T as in Theorem \l.l\ let f be an element ofZT 
which is invertible in L 1 ^) but does not have a left inverse in ZT. Then f 
is not contained in the commutator subgroup of (A/T)* . 

Proof. Otherwise we would have detj^rf = 1 and hence hf = by Theorem 
11.11 By assumption we have Zr ^ Zr/ and hence Xf ^ 0. But then 
Theorem 15. II tells us that hf > 0, contradiction. □ 
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